In this paper we introduce a formula that parameterises the Pythagorean triples as elements of two series. With respect to the standard Euclidean formula, this parameterisation does not generate the Pythagorean triples where the elements of the triple are all divisible by 2. A necessary and sufficient condition is also proposed for a Pythagorean triple obtained from this formula to be primitive.
Introduction
The Pythagorean theorem asserts that if a, b, c are the sides of a right triangle, with c being the hypotenuse, then a 2 + b 2 = c 2 . In the case where a, b and c are all natural numbers different from zero, the triple (a, b, c) is called a Pythagorean triple. Therefore, finding Pythagorean triples is equivalent to finding right triangles with integral sides. The problem for rational numbers is clearly the same up to a scale factor. The notion of Pythagorean triple, and its relation to the Pythagorean theorem, is a cornerstone of several areas of pure mathematics, including number theory, elementary and algebraic geometry, as well as applied mathematics, due to its relevance in areas such as cryptography and random number generation algorithms.
Given the large number of contributions in these areas, it would be impossible to quote even only a fraction of the relevant references, and we consequently direct the interested reader to the monographs [6] and [9] , which provide surveys of the extensive literature in these areas, and to the papers [2, 4, 3] along with the references cited therein.
Euclid's formula is a fundamental instrument for generating Pythagorean triples given an arbitrary pair of non-zero natural numbers u, v. Euclid's formula states that all primitive Pythagorean triples (a, b, c) in which b is even are obtained from the formulae
where u > v, and u and v being all pairs of relatively prime numbers of which one of them (whatsoever) is even and the other is odd. Each primitive Pythagorean triple (a, b, c) where b is even is obtained in this way only once.
In [1] , Thomas Harriot was the first to suggest that Pythagorean triples exist in series, but no general form in terms of series was expressed therein. The purpose of this paper is to show that Pythagorean triples can indeed be characterised in terms of odd and even series, which comprise the triangles in which the difference between the hypotenuse and a side is odd and/or even. The significance of odd and even sides was recognised and expressed in [2, Lemma 1], but, to the best of the authors' knowledge, a complete formula parameterising the Pythagorean triples in this way has not yet been proposed.
Preliminary definitions and results
A generic Pythagorean triple is denoted as the triple
where a, b, c ∈ N \ {0}, where c > max{a, b}, i.e., a and b denote the sides of a right triangle, and c denotes the length of the hypothenuse. The set of all Pythagorean triples is denoted by P. A Pythagorean triple (a, b, c) is said to be primitive if a, b and c are relatively prime. We denote by P 0 the set of all primitive Pythagorean triples.
We recall the so-called Euclid's formula for parameterising Pythagorean triples given an arbitrary pair of natural numbers u, v ∈ N \ {0} with u > v.
Lemma 1 [EUCLID'S FORMULA]
For any u, v ∈ N \ {0} with u > v,
is a Pythagorean triple.
The Pythagorean triples generated by (2) will be referred to as the Euclidean triples. The set of such triples is denoted by E . Euclid's formula generates all primitive Pythagorean triples.
Indeed, the following important result holds, see e.g. [6] .
Proposition 1 There holds P ⊃ E ⊃ P 0 . Moreover, a Euclidean triple generated with (2) is (27, 36, 45), which is not primitive. Moreover, since the inclusion P ⊃ E in Proposition 1 is also strict, E is a proper subset of the set P of all Pythagorean triples. Indeed, while it is true that every primitive Pythagorean triple is an element of E , some non-primitive Pythagorean triples are not in E . For example, for the non-primitive Pythagorean triple (9, 12, 15) ∈ P \ P 0 ,
If (a, b, c) is a primitive Pythagorean triple, then exactly one of a, b is odd, and c is odd, see e.g. [6] . The converse is not necessarily true, i.e., there are Pythagorean triples that are not primitive for which one between a and b is odd and c is odd, e.g. (27, 36, 45).
In this paper, we are interested in a subset of the set of Euclidean triples, herein denoted with the symbol C , which comprises the Euclidean triples for which exactly one between a and b is odd and c is odd. It is easily established that exactly one between a and b is odd if and only if exactly one between u and v is odd, so that
From the considerations following Proposition 1 it turns out that
It is assumed that the order of the elements of a triple in C is the one induced by the order imposed in E . Thus, a is odd and b is even for any (a, b, c) ∈ C . Therefore, for every (a, b, c) ∈ C , the difference c − b is odd and the difference c − a is even.
Odd and even series of Pythagorean triples
The following preliminary result is important, because it enables the parameterisation of the set of Pythagorean triples in a convenient form.
Lemma 2 For any Pythagorean triple
• there exists n ∈ N \ {0} such that c − a = 2 n 2 .
Proof: Firstly, it is shown that given 
Thus, c − b can be written as (2 m − 1) 2 for some m ∈ N \ {0} if and only if u − v is odd, which is true.
Secondly, given (a, b, c) ∈ C , the difference c − a can be shown to be equal to 2 n 2 for some n ∈ N \ {0}. Indeed, using again Lemma 1, it is found that
Then, n = v is a solution. To prove the converse, in view of Lemma 1, it suffices to prove that the equations
can be solved in u, v ∈ N \ {0} with u > v, and where u − v is odd. It is straightforward to verify that u = n + 2 m − 1 and v = n is a solution.
Loosely 
For example, (3, 4, 5), (5, 12, 13), (7, 24, 25) ∈ odd(1) and (3, 4, 5), (15, 8, 17), (35, 12, 37) ∈ even(1).
As a consequence of Lemma 2, the following results hold.
Theorem 1
The following facts hold true:
1. There holds 
Proof: Claims 1-3 are a simple consequence of Lemma 2. We only need to prove the last point.
From the last part of the proof of Lemma 2 it is found that
which immediately lead to (3) (4) (5) . It is now shown that (a, b, c) ∈ C is written in a unique way as a function of n, m ∈ N \ {0}. To this end, using (3) yields
which, once substituted in (4), gives the biquadratic equation
which is easily seen to admit only one positive solution
Replacing the latter into (6) yields
This shows that given (a, b, c) ∈ C , the values of the natural numbers m and n such that (3) (4) (5) hold are uniquely determined.
Remark 1 Notice that (3-5) can be written as
Consider the right triangle in odd(m), there holds C = E . Indeed, defining s = 2 m, the equations in the proof of Theorem 1 become
so that by setting u = n + s − 1 and v = n it is seen that (a, b, c) ∈ E .
As a result of Lemma 2 and Theorem 1, every Pythagorean triple (a, b, c) in C can be expressed in a unique way as a function P of m and n, i.e., we can write
In view of the considerations above, all triples in C can be represented in terms of m and n into a lattice as shown in Figure 2 . odd (1) odd (2) odd (3) odd (4) odd (5) even (1) even (2) even (3) even (4) even ( 
Firstly, it is shown that if n and µ have a common factor, (a, b, c) is not primitive. Let us write n = qñ and µ = qμ, where q,ñ,μ ∈ N \ {0}. Substituting these expressions into (9-11) yields
It is now shown that if (a, b, c) is not primitive in C , then n and µ are not relatively prime.
If (a, b, c) is not primitive, it can be written as (a, b, c) = k (α, β , γ) where k ∈ N \ {0} and (α, β , γ) ∈ P 0 . Therefore, there existn,μ ∈ N \ {0} such that (α, β , γ) = P(n,μ), which, by taking (9-11) into account, gives
The first and the third equations give k = n 2 /n 2 , which, once substituted into the second equa-
Notice that ℓ ∈ N and ℓ 2 = k. Thus, ℓ is a common factor of n and µ, which are therefore not relatively prime.
Remark 3
From the considerations in Remark 2, the set of Pythagorean triples in C = E can be represented as the lattice in Figure 3 . 
Concluding remarks
In this paper an alternative parameterisation of Pythagorean triples has been introduced, which hinges on the series of odd and even triples. This parameterisation generates all the primitive Pythagorean triples, but, with respect to the set of triples that can be generated using Euclid's formula, does not include the non-primitive Pythagorean triples (a, b, c) where a, b and c are all even.
